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Although the inverse problem has been dealt with many times previously, we believe it worthwhile to include here a section dealing with its solution because the previous work requires recourse to complex variable methods which are , of course, quite powerful but typically leave the results in a form that is not particularly transparent. Here we include a derivation, which, though it may lack the generality of the complex variable approach, is somewhat more elementary and direct. The resulting expressions for the elastic fields associated with the solution of the inverse problem are expressed in terms of the logarithmic potential of a homogeneous ellipse. While such expressions must, of course, follow from the derivations based upon complex variables, we have not encountered them in the literature.
In Sec. 6, the final section of the paper, we close the connection between the inverse and optimization problems by particularizing the solution of the inverse problem to the cases under consideration here, namely, voids and rigid inclusions. We thus arrive at results describing the optimum shapes for the inhomogeneities, which assume the form of suitably proportioned ellipses. Illustrations are given for the stress fields corresponding to a rigid inclusion, a traction-free cavity, and a pressurized cavity.
2. Formulation of the two-dimensional boundary-value problems for an elastic solid with an inhomogeneity. Let D denote an exterior plane domain formed by the deletion of a bounded region, and denote by C the boundary of D. Occupying D is a homogeneous and isotropic elastic medium that assumes a state of plane strain under the influence of stresses applied at infinity. Body force is absent.
For the plane states of deformation presently under consideration, the in-plane components of displacement, strain, and stress, ua, eap, ra(8, respectively, are governed by the field equations1
where v denotes Poisson's ratio, and E Young's modulus. As for conditions at infinity, OO 2 00 as I .X I -> 00, Tap= £ rT^r (2.4)
In the present paper, we consider two cases: within the region complementary to Z), there lies a rigid inclusion or a void whose walls are uniformly pressurized. For the case of the void, the boundary conditions require the traction components ta to obey
'Greek letter subscripts have the range {1,2}; subscripts preceded by a comma indicate partial differentiation with respect to the corresponding coordinates.
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where P is a given positive constant and na denotes the components of the unit normal to C, directed outward from D. On the other hand, for a rigid inclusion, the requirement is that the displacements ua be of the form 11 if(a,jB) = (1,2), "a = ac + beaftXP onC< if («, P) = (1,1) for (a,£) = (2,2), 6) where aa and b are constants, which are not prescribed, but must be found by solving the boundary value problem. The inclusion itself is assumed to be free of force, and as a consequence, t must obey f tds = 0, ( x X ids = 0. (2.7)
Jc Jc
We introduce stress components tn and ts through tn = 3-Ts = (2) (3) (4) (5) (6) (7) (8) where sa = ea/intj, (2.9) so that tn stands for the normal stress acting on C and ts the stress acting tangentially in the surface described by C (rs is thus the "hoop" stress.). Because jaa = 6 is invariant under changes in the underlying Cartesian coordinate frame, it follows that tn=-P, tS = e + P (2.10) in the case of the void. Finally, we note that for the case of the rigid inclusion it is not difficult to show (see [1] ) with the aid of (2.1), (2.2), and (2.6) that tn = (1 -v)e, Ts = ve-(2.11) 3 . Formulation of the optimization problem and inverse problem. Let t1 and t2 denote the principal stresses in Z>, and let these be ordered so that
According to the maximum principal stress theory (also known as the Rankine criterion [19] ), the material is on the verge of failure if
where Tcr denotes the tensile strength of the material. Let
Then the optimization problem that we are considering is to find a region D* on which the greatest value of the principal stress t2 is minimum, or
where the infimum is taken over the class of all exterior regions bounded internally by a single closed curve. The region D* is said to be optimal (with respect to the maximum principal stress criterion) if (3.4) holds. Our approach to the solution of the optimization problem is to reduce it to an inverse 00 problem, by which we mean that given tq, P, and v, find C* such that on C* the corresponding stress components T*fi are of the form
where S is a constant.
In the next section, we give a rigorous proof that such a reduction is permissible.
4. Transformation of the optimization problem. In the following theorem, we summarize certain properties of the solution of the inverse problem that will play a key role in showing how it can be used to solve the underlying optimization problem. Therefore, and in view of (b), (t2* -r^)2 is a subharmonic function. Hence, and by (3.1), For the case -P ^ S, we get 2t2* < -P -S -P + S = -2P on Z)*, (4.10)
whereas, for S > -P, we have 2t2* < S + P -P + S = 25 on D*. (4.11)
In the following theorem, we establish the connection between the inverse problem and the optimization problem for the case of a void with uniformly pressurized walls. i.e., the solution to the inverse problem is also the solution to the optimization problem.
Proof. At points of C, t2 = max{ 6 + P,-P).
Thus, sup t2 > sup t2 = maxj sup 6 + P, -P ) 3* sup 6 + P. (4.13)
But, by the maximum principle, sup 6 > lim 6 = 6*. (4.14)
From part (a) of Theorem 1, we deduce that S = 6* + P on £>*, while part (d), the assumption that P 3s 0, and (4.12) yield t* < S on D*. Accordingly, and by (4.13) and (4.14) the proof is now complete. 5. Solution of the inverse problem. In this section, we demonstrate that a certain class of elliptic cylinders (in two dimensions, ellipses) furnishes a solution of the inverse problem. The logarithmic potential of a homogeneous cylinder of unit mass density is introduced and used to derive explicit expressions for the stresses, strains, and displacements associated with the inverse problem. Alternative approaches based upon complex variable methods are available [9] [10] [11] [12] [13] [14] [15] [16] , While the use of complex variables has certain attractive features, as we shall see it is possible to proceed along more direct and elementary lines of reasoning to arrive at fully explicit expressions for the fields presently of interest. Although the results presented here can, of course, be deduced with the aid of the methods of [9] [10] [11] [12] [13] [14] [15] [16] , our results evidently are the first of their kind to be presented in the literature.
It is assumed that the intersection of the elliptic cylinder with the xl -x2 plane forms the ellipse xj/al + x\/a\ < 1.
The potential (j> of the homogeneous ellipse may be put in the form [20] [21] <p = 277axa2\ -J The stress field in our problem can be assumed in the form ra% = ~4>,a, + Brafi, (5.10) where A and B are constants to be determined. We observe that because (5.4) holds and raj8 00 are constants, (2.3) is automatically satisfied. Also since <f>, afj -> 0, the condition t*^ -> 7nff
as |x| -> 00 is satisfied by taking 5 = 1. Thus, and by (5.7) and (2.4), it follows that
By substituting k = 0 into (5.11) and comparing with (3.5), we arrive at /l=S + i\ (5.12) and al/a2 = ~ r2^/^ ~~ Tlj> (5) (6) (7) (8) (9) (10) (11) (12) (13) where 5 and P are determined in (2.10)-(2.11). Thus, the semiaxis ratio can be found 00 from ra/9 and conditions on the interface of the inhomogeneity and matrix.
The strain field can be derived by substituting (5.11) and (5.12) into (2. where the symbols e x and e 2 have the obvious meaning.
It is of interest to explore the stresses at points of the family of confocal ellipses which include the boundary, x\/a\ + xl/a2 < !• (6-3)
We let na denote the unit outward normal to the confocal ellipse under consideration and use the notation r*, rs* for the normal and tangential stress components, respectively, which are defined by (2. /(«! + k){a\ + k) y-i
The stress rs* is easily found from the relation + rs* = 6 * = constant. In order to present the computational results, we must specify the semiaxes ratio a1/al, which follows as a result of (5.13) with given Poisson's ratio v, internal pressure P, and the 00 00
ratio of the applied load t2/ tv We consider three cases: a traction-free void, a 00 00
pressurized void, and a rigid inclusion. The ratio t2/ tx is assumed to be 4 for all cases.
00
For the second case, the pressure is prescribed to be tx/2, and Poisson's ratio is taken to be 0.15 for the matrix. The corresponding normal stresses on a selection of confocal ellipses are illustrated in Fig. 1-3 .
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In Fig. 1 , it is clear that the normal stress r * is equal to 0 on the surface of the void (k = 0), as required by (2.10). When we move away from the void k = 0 through ellipses k > 0, t£ increases toward its limiting value at infinity. Fig. 2 is similar to Fig. 1 , but the normal stress on the boundary is -P instead of 0. We note here that the optimum shapes for different cases, though ellipses, are not proportioned the same, as can easily be seen from (5.13). Concerning Fig. 3 , we observe that r* decreases toward its assigned value when k increases. This limiting value (for large k), as in the case of the void, represents the load at infinity. The tangential stresses for each of these cases are shown in Figs. 4-6 . Acknowledgment. We gratefully acknowledge the support provided by the University of Houston through the Office of Sponsored Projects. 
